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Abstract

We prove that every Kiahler metric, whose potential is a function of the time-like distance in the flat Kéhler—Lorentz space,
is of quasi-constant holomorphic sectional curvatures, satisfying certain conditions. This gives a local classification of the Kihler
manifolds with the above-mentioned metrics. New examples of Sasakian space forms are obtained as real hypersurfaces of a Kihler
space form with special invariant distribution. We introduce three types of even dimensional rotational hypersurfaces in flat spaces
and endow them with locally conformal Kihler structures. We prove that these rotational hypersurfaces carry Kéhler metrics
of quasi-constant holomorphic sectional curvatures satisfying some conditions, corresponding to the type of the hypersurfaces.
The meridians of those rotational hypersurfaces, whose Kéhler metrics are Bochner—Kihler (especially of constant holomorphic
sectional curvatures), are also described.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

In [3] we have given a complete description of the curvature tensor and curvature properties of the Kéihler metrics
g = 00 f(r?), where r? is the distance function with respect to the origin in C" and the real C°°-function f (r?)
satisfies the conditions

fe* =0, fleH+r2f0% > 0.

Bochner—Kihler metrics of the type 39 f () have been studied in [6]. The completeness of these metrics has been
discussed in [1].
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We have introduced the notion of a Ké&hler manifold (M, g, J, D)(dimM = 2n = 6) with J-invariant
Bo-distribution D (dim D = 2(n—1)). Any By-distribution generates a function k > 0 on M. If D= is the distribution,
orthogonal to D, then every holomorphic section E(p), p € M, determines a geometric angle ¥ = Z(E(p), D( p)).

A Kéhler manifold (M, g, J, D) is of quasi-constant holomorphic sectional curvatures if its holomorphic sectional
curvatures only depend on the point p and the angle ¢

If (M, g, J, D) is a Kédhler manifold of quasi-constant holomorphic sectional curvatures, then the distribution
D(p), p € M is of pointwise constant holomorphic sectional curvatures a(p) and the function a + k* divides the
class of these manifolds into three subclasses according to

a+k*>0, a+k*=0, a+k*<0.

In [3] we have shown that the flat Kdhler manifold C” carries a canonical By-distribution and proved the following
characterization of the family of Kihler metrics g = 99 f (r2):

Any Kihler metric g = 39 f (r?) is of quasi-constant holomorphic sectional curvatures with a + k* > 0.

Conversely, any Kdihler manifold M (dimM = 2n > 6) of quasi-constant holomorphic sectional curvatures
with Bo-distribution and a + k* > 0 is locally equivalent to (C", g, Jo) with the canonical Bo-distribution and
g=033/(?).

In this paper we solve the problem of describing the curvature properties of the Kihler metrics generated by
potential functions f(—r2), —r? being the time-like distance function from the origin in the flat Kihler—Lorentz
space.

Let (C", k', Jy) be the flat Kihler-Lorentz space with the canonical complex structure Jy and flat Kéhler metric A’
of signature (2(n — 1), 2).

In Proposition 3.5 we prove that if f(—r2), —r% < 0, is a real C*°-function satisfying the conditions

fl(=r) >0, f(=r>)—=r2f"(—r* <0,

then g = 9 f (—r?) is a positive definite Kihler metric in the time-like domain Tﬁ‘*l ={ZecC": WZ,Z) <0}.

In Section 4 we prove the basic Theorem 4.7, which gives a complete curvature description of the family of Kéhler
metrics g = 99 f(—r?):

Any Kdihler metric g = 89 f (—r?) is of quasi-constant holomorphic sectional curvatures with a + k% < 0.

Conversely, every Kdhler manifold M (dimM = 2n > 6) of quasi-constant holomorphic sectional curvatures
with Bo-distribution and a + k* < 0is locally equivalent to (T’f_l, g, Jo) with the canonical Bo-distribution and
g =033 f(—r?).

In Section 5 we clear up the geometric meaning of the function a + k2 in a Kihler manifold M, g,J, D) of
quasi-constant holomorphic sectional curvatures. We show that (M, g, J, D) is a one-parameter family of «-Sasakian
space forms Q%" 1(s), s € I witha = % and prove in Proposition 5.1 that sign(a 4+ k%) determines the type of the
corresponding 02 —1(s).

As a consequence of Theorem 4.7 we obtain examples of Kihler space forms in T’l’fl with By-distribution and

a+k? <0.In particular the metric g = —2891n (r2 —1), —r? < —1,is of constant holomorphic sectional curvature
—1. Considering the unit “disc” (]D)'l’_l(l) : W(Z,Z) < —1) we show that any hypersphere HIZ"_I(O, r), r > lin
(D} -1 g, Jo) carries a natural structure of an «-Sasakian space form with o = 21—r and constant ¢-holomorphic

sectional curvatures ¢, so that ¢ + 3a2 < 0 (cf. [7]).

In Section 6 we consider three types of rotational hypersurfaces M in C" x R with axis of revolution / = R:

Type I: the parallels $2*~! are the usual hyperspheres in the complex Euclidean space (C", g’, Jo) and the axis of
revolution R is endowed with positive definite inner product; the meridians are curves in the Euclidean plane.

Type II: the parallels S2*~! are the usual hyperspheres in the complex Euclidean space (C", g’, Jo) and the axis R
is endowed with negative definite inner product; the meridians are space-like curves in the hyperbolic plane.

Type III: the parallels le" are hyperspheres in the flat time-like domain (']I"l'f1 , B, Jo) and the axis R is endowed
with positive definite inner product; the meridians are time-like curves in the hyperbolic plane.

In Section 6.1 we recall that the hypersurfaces of type I carry a natural Kihler structure of quasi-constant
holomorphic sectional curvatures with functions a > 0, a + k2 > 0.In Proposition 6.3 we obtain the meridians
of the rotational hypersurfaces of type I, whose Kihler metric is Bochner—Kihler.
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In Section 6.2 we introduce a Kihler structure on rotational hypersurfaces of type Il and prove in Theorem 6.6 that
this Kihler structure is of quasi-constant holomorphic sectional curvatures with functions a < 0, a + k> > 0. We find
the meridians of the rotational hypersurfaces of type II, whose Kahler metric is Bochner—Kéhler (Proposition 6.8) or
of constant holomorphic sectional curvatures (Proposition 6.7).

In Section 6.3 we introduce a Kihler structure on the rotational hypersurfaces of type III and prove in Theorem 6.11
that this Kihler structure is of quasi-constant holomorphic sectional curvatures with functions a < 0, a + k> < 0.
We find the meridians of those rotational hypersurfaces of type III, whose Kihler metric is Bochner—Kéihler
(Proposition 6.13) or is of constant holomorphic sectional curvatures (Proposition 6.12).

2. Preliminaries

In this section we give some basic notions and formulas for Kéhler manifolds with By-distribution [3] we need
further.

Let (M, g, J, D) be a 2n-dimensional Kihler manifold with metric g, complex structure J and J-invariant distribu-
tion D of codimension 2. The Lie algebra of all C* vector fields on M will be denoted by XM and T,, M will stand for
the tangent space to M at any point p € M. In the presence of the distribution D the structure of any tangent space is
T,M =D(p)® DL( p), where D+( p) is the two-dimensional J-invariant orthogonal complement to the space D(p).
This means that the structural group of the manifolds under consideration is the subgroup U(n — 1) x U(1) of U (n).

In the local treatment of these manifolds D+ = span{&, J&} for some unit vector field £. The 1-forms,
corresponding to £ and J£&, respectively, are

n(X) =g, X), n(X)=g(J& X)=-n(JX); XeXM.
Then the distribution D is determined by the conditions
D(p)={XeT,M|nX)=n(X)=0}, peM.
The Kahler form {2 of the structure (g, J) is given by 2(X,Y) =g(JX,Y), X, Y € XM.
Let V be the Levi-Civita connection of the metric g.
A J-invariant distribution D, (D+ = span{&, J£}) is said to be a Bg-distribution [3] if
k
D) Vb = 5 %0, k #0,x0 € D;
(i) Vye& =—p*JE;
(iii) Vg&E=0.

The above definition implies immediately the following equalities [3]:

k
VxE = S(X — (08 — i(0JE) — pRX)JE, X € XM; @.1)
k) + k2
h=gn,  p=—tOEE 2.2)

Any Kihler manifold (M, g, J, D) with J-invariant distribution D carries the tensors
An(X,Y)Z =g(Y,Z2)X —g(X,2)Y —2¢(UJX,Y)JZ+g(JY,Z)JX —g(UX, Z)JY; (2.3)
1 - -
21X, V)Z = g{g(Y, Z)Y(N(X)E +n(X)J§&) — g(X, Z)(n(Y)§ +n(Y)J§)

+8(JY, Z2)(n(X)J§ — 1(X)§) — g(JX, Z)(n(Y)J§ — 1(Y)§)
—28(JX, Y)((2)J§ — n(2)§)};

1
PH(X,Y)Z = g{(n(Y)n(Z)+ﬁ(Y)ﬁ(Z))X—(n(X)n(Z)+f)(X)ﬁ(Z))Y

+MNN(Z) = (V)n(Z) I X — (X)n(Z) = n(X)n(Z)JY
—2(mX)nY) —n(X)n(Y))J Z};

(2.4)
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¢ = & + Dy,
(X, Y)Z = n()nDn(X)JE —n(XOn(Z2)n(Y)J&E +n(X)n(Y)n(2)é — n(Y)n(X)n(Z)é
= M ANX, Y)0(2)é —n(Z)J§), (2.5)

X, Y, Z € XM. These tensors are invariant under the action of the structural group U(n — 1) x U(1) [10].
The Riemannian curvature tensor R of the metric g is given by
R(X,Y)Z =VxVyZ —VyVxZ — Vix v Z,
R(X,Y,Z,U)=¢g(R(X,Y)Z,U); X,Y,Z,U e XM.

In [3] we proved that a Kihler manifold (M, g, J, D) (dimM = 2n > 4) with J-invariant distribution D is of
quasi-constant holomorphic sectional curvatures if and only if

R=an+bd+cV,

where a, b and ¢ are functions on M, generated by the structure (g, J, ).
If(M,g,J, D) (dimM = 2n > 6) is a Kihler manifold of quasi-constant holomorphic sectional curvatures, then
the following statements hold good [3]:
(i) If D is a By-distribution, then
kb

da = —n. 2.6
a= = (2.6)

(i1) Under the condition b # 0, D is a By-distribution if and only if D is non-involutive.
(iii) If » = 0 and D is non-involutive, then ¢ = 0, i.e. M is a Kéhler space form.

Finally we recall some basic facts related to «-Sasakian manifolds.
Let Q%" (g, ¢, &, 7)) (n > 3) be an almost contact Riemannian manifold, i.e.

gex. oy) = g(x, ) = i), x,ye X0,
P’x = —x +1(0)E, xexQ¥ !, 2.7
p&=0.
If the structure (g, ¢, £, 7)) of an almost contact Riemannian manifold 02"~ satisfies the conditions
D =agx, xeXQ¥
(Dr@) () = @ (i(y)x — g(x, ), x,y € X,

where D is the Levi-Civita connection of the metric g and & = const, then Q%! is called an «-Sasakian manifold [4].
If the constant « = 1, then Qz”_1 is a Sasakian manifold in the usual sense.
a-Sasakian space forms are characterized as follows:

Proposition 2.1 (/5,4]). An a-Sasakian manifold (Q*"~', g, ¢, £,7) (dim Q¥ > 5) is of constant @-holomorphic

sectional curvatures c if and only if

¢+ 3a?
4

4
— gy, Dn@)nu) — gx, wn(y)n(z)
+ g(x, DA W) + gy, WA, x,y,z,u € £Q* L.

We note that there are three types of a-Sasakian space forms with respect to sign(c + 3a?) [7]:

[g(y, 2)g(x, u) — g(x,2)g(y, u)]
2
a [g(py, 2)g(px, u) — glpx, 2)g(py, u) — 2g(px, y)g(pz, u)

Kx,y,z,u) =

c
+

Type I: ¢ + 3a® > 0;
Type II: ¢ + 302 =0;
Type III: ¢ + 3a? < 0.
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3. Kahler-Lorentz manifolds with B-distributions

Let (M, k', J) (dimM = 2n) be a complex manifold with complex structure J and indefinite Hermitian metric
h' of signature (2(n — 1), 2) and V' be the Levi-Civita connection of 4’. If V'J = 0, then (M, ', J) is said to be a
Kidihler—Lorentz manifold.

We consider Kihler—Lorentz manifolds (M, k', J) with a space-like J-invariant distribution D of dimD =
2(n — 1). Then the orthogonal J-invariant two-dimensional distribution D is time-like.

Since our considerations are local, we can assume the existence of a time-like unit vector field £ on M such that
D1 (p) = span{&’, J&'} at any point p € M. We denote by 1’ and 7’ the unit 1-forms corresponding to £ and J&',
respectively, i.e.

n'(X) =h'E, X)), 7X)=hUE, X)=-n"(UX), XeXM;
I =171 = n'(") = 7 (J&) = —1.

Then the space-like distribution D is determined by the conditions
D(p)={XeT,M|n(X)=7(X)=0}, peM.

The Riemannian curvature tensor R” of V' is determined as in the previous section. We note that the Ricci tensor
o’ and the scalar curvature 7’ of the metric 4’ are given by

2n
P Z) =) Wi eNR (€Y. Z,e)), Y.Z€XM;
i=1

2n
v = (e e)p (e, e,
i=1
where {¢;},i =1, ..., 2n is an orthonormal basis for T,M, p € M.
We also note that the tensor /'~ = —(’ ® ' 4+ 7 ® 7i’) does not depend on the basis {&', J&'} of DL. This tensor
is negative definite and it is the restriction of the metric A’ onto the distribution D=
The Kihler form © of the structure (A', J) is givenby O(X,Y) =h'(JX,Y), X,Y € XM.
All directions in D = span{&’, J&'} have one and the same Ricci curvature, which is denoted by ¢”, i.e.

o' =-p'E,&)=—-p'(JE JE). (3.1
The Riemannian sectional curvature of the distribution D is denoted by »/, i.e.
' =RE L JE IELE. (3.2)

Thus the structure (7', J, D) gives rise to the functions »’, o’ and 7’.
Any vector field X € XM is decomposable in a unique way as follows:

X =x0—7X)JE —n/(X)&,

where x is the projection of X into XD.
As arule, we use the following denotations for vector fields (vectors):

X.Y,Z € XM (T,M); xo, Yo, 20 € XD (D(p)).

If D+ = span{&’, J&'}, then the relative divergences divoé’ and divoJ&' (the relative codifferentials §on’ and 8¢7")
of the vector fields £’ and J&' (of the 1-forms 5" and 7’) with respect to the space-like distribution D are introduced
as in the definite case:

2(n—1) 2(n—1)
divog’ = —8on' = > (Vonei.  divoJE = =i = Y (Vi)
i=1 i=1

where {ey, ..., e2(,—1)} is an orthonormal basis of D(p), p € M.
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The restriction of the metric /4’ onto the distribution A
A(p) ={XeT,M|n'(X)=0}, peM,
perpendicular to &', is of signature 2(n — 1), 1).

The notion of a space-like By-distribution in a Kdhler—Lorentz manifold is introduced similarly to the definite case:

Definition 3.1. Let (M, //, J, D) (dim M = 2n > 6) be a Kihler-Lorentz manifold with J-invariant space-like
distribution D (D+ = span{&’, J&'}). The distribution D is said to be a By-distribution if:

(i) V&= —%/xo, k' #0,x9 € D;
(i) V)& =p*IE; (3.3)
(iii) vg/s’ =0,

where k" and p*’ are functions on M.

Next we prove some properties of Kéhler—Lorentz manifolds with By-distribution.

Lemma 3.2. Let (M, h', J, D) (dim M = 2n > 6) be a Kiihler—Lorentz manifold with By-distribution D ( Dt =
span{¢’, J&'}). Then

5 (k) —k?

==&, pr="

Proof. The conditions (3.3) imply
1
Vg = =Sk X+ (XOJE +0' 008"} = p™'if (X)J§" 3.4
By using (3.4) we find d7}’ and after an exterior differentiation we obtain the assertion of the lemma. [

Lemma 3.3. Let (M, h', J, D) (dim M = 2n > 6) be a Kiihler—Lorentz manifold with By-distribution D ( Dt =
span{¢’, J&'}). Then

R'(X,Y)E = % <g & — k/2> X)) =X +20IX, V)IE — 7 (X)IJY + 7 (V) X}

—Ps’ (s (k') — k”) o' ATX, Y)IE (3.5)
/ 1 / 2 2
W=—7 (s (k') — k ) <s (k') — k ) (3.6)
/_ 1 ’ "k lk/Z 1 "k 1k/2 37
a——PE(E()—E )—<n+)(§<)—§ ) (-7

Proof. By using (3.4), we find immediately (3.5) and (3.6). Taking a trace in (3.5), we have

1
p’(Y,s’>=—[ £ (s (k') — k’2>+<n+1) (s (k') — k’2>] ' (Y), (3.8)

which implies (3.7). O

The equality (3.8) shows that every unit vector in D1 (p) is an eigenvector of the Ricci operator p’ with one and
the same eigenvalue o/ (p).
If x¢ is a unit vector in D(p), then the Riemannian sectional curvature of span{xg, £’} may only depend on the
point p € M:
o' —

—R'(x0,&", &', x0) = m 3.9)
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The first step in the study of Kéhler—Lorentz manifolds with By-distributions is to describe the flat case.
Let (M, k', J, D) (dim M > 6) be a flat Kihler—Lorentz manifold with Bo-distribution D(D+ = span{&’, J&'}).
Then Lemma 3.3 implies that

1
EW) =3 K (3.10)
Taking into account Lemma 3.2 it follows that

1
p* = —zk’. (3.11)

Then (3.4) in view of (3.10) and (3.11) implies that

! &/ 1 / / /

V& =—§k X, h(x,&)=0. (3.12)
Hence the integral submanifolds Q?("_l) of the distribution A, perpendicular to &', are totally umbilic submanifolds
of M with time-like normals &’.

Let (C" = {Z = (z',...,2" ', 2"}, J) be the standard n-dimensional complex vector space with complex

structure J and &’ be the Kéhler metric of signature (2(n — 1), 2), defined by
h/(Z, Z) = |Z1 |2 4. 4 |Z”—1|2 _ |Zn|2.

We call i’ the canonical flat Kihler—Lorent; metric and (C",h',J) = (Rg("fl),h’, J) the canonical flat
Kihler—Lorentz manifold.

Next we describe the By-distributions in (C", h/, J).

Let D (D = span{&’, J£'}) be a By-distribution in (C", &', J). According to Definition 3.1 £’ is a time-like
geodesic vector field with respect to the flat Levi-Civita connection V' of 4’. Then the integral curves of &' are
straight lines. Since /'’ is flat, then the integral submanifolds Q%("fl) of the distribution A, perpendicular to &,
are totally umbilical with time-like normals &’. Applying the standard theorem for totally umbilical submanifolds

(with time-like normals) of the manifold (C", k', J), we obtain that Q%(n_l) is locally a part of a hypersphere

H12 ("71)(20, P W(EZ -7y, Z—7Zy) = —r%, r > 0. All these hyperspheres are orthogonal to the integral curves of

g ie. Qi("_l) are the concentric hyperspheres

H" V(2o 1) 1 W (2~ 20,2~ Zo) = —r®, Zo = const.

Choosing Z at the origin O of C", we obtain
Canonical example of a flat Kihler—Lorentz manifold with By-distribution:

(T~ 0, J, D),
where ’H"f‘l is the time-like domain in C"
T ' ={(ZeC" | h(Z,Z) <0}

and

Z
== ZeT' .
SV 2 7 !

Now let (M, k', J, D) (dimM = 2n > 6) be a flat Kihler—Lorentz manifold with Bp-distribution D (D+ =
span{&’, J&'}). Since the Levi-Civita connection V' of 7’ is flat and V'J = 0, then there exists a local holomorphic
isometry ¢ of (M, 1/, J) onto (C", h’, J). Since ¢ transforms the By-distribution D into a By-distribution, then we
have

Proposition 3.4. Any flat Kihler—Lorentz manifold with By-distribution is locally equivalent to the canonical example
(T~ 1, J, D).
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In order to make computations in local holomorphic coordinates we need some formulas concerning the structures
on T -1

LetinC" ={Z = (z',....2")} (n 2 2) 0y == 3}z, 05 = % = 3%, a = 1,..., n. Further, the indices , B, . ..
will run over 1, ..., n.

The canonical flat Kihler-Lorentz metric 4’ has the following local components:

1
3 a=p=1,...,n—1;
h/—: 1
ap —5 o=p=n;
07 a#p

Then

WEZ2) = 2P+ 4 1P = 1P =20 2P

where the summation convention is assumed.
The distance function —r> = h'(Z, Z) in the domain T?‘l is given by

—r? = Zh;ﬁ—z“zﬁ <0, r>0. (3.13)

The vector field &' = % Z at the point p € "JI“'l’*1 with position vector Z has local components

/0‘:18‘10
o

3

where the 87 are Kronecker deltas.
Taking into account (3.13), we find the local components of the corresponding 1-form n':

_ 1 -
N =0 ho5 = ~ 520 = —re. (3.14)
Hence
d
77/ — —dr, E/ — d_;
r (3.15)

1
W) =hnEE) = ) W(Z,Z)=~1.

By differentiating (3.13) we obtain

1
h(’xﬁ = Eao,ag(—rz).

On the other hand, differentiating (3.14), we have
1
Oy = Vil = ~ (5 + ngm).
Proposition 3.5. Let f(t), t < 0 be a real C*-function satisfying the inequalities:
fi(®)y>0, f'@+1f"t) <0.
Then

8 = 0adp f(—17)

are the local components of a Kdhler metric g.
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Proof. By using (3.13) and (3.15), we calculate
05/ (=r?) =211, 52°.
Differentiating the last equality, we find
8up = 0adpf(—r%) = 2f'h 5+ 4% g0

Hence,
g=2f"+27 1" @n' + 7 @) (3.16)
Now, let p € ’]I"l’_l and T, (’]1"]’_1) = (D(p) ® D*(p)). The equality (3.16) implies that
g(x0, x0) = 2f'h'(x0.x0), x0 € D(p); (3.17)
g &) =g(JE JE) = =2(f + (—=rD) f"). (3.18)

The first condition of the proposition and (3.17) imply that the restriction of g onto D is positive definite. The second
condition of the proposition and (3.18) give that the restriction of g onto D is also positive definite. Hence g is a
positive definite metric. Since g = 39 f (—r?), then g is a Kihler metric. O

4. Kihler manifolds of quasi-constant holomorphic sectional curvatures with a + k2 < 0

In this section we prove the main theorem, which clarifies the connection between the Kéhler metrics introduced
in Section 3 and a class of Kéhler manifolds of quasi-constant holomorphic sectional curvatures.

Let (M, g,J, D) (dimM = 2n > 6) be a Kihler manifold with By-distribution D (D+ = span{&, J&}) with
functions k, p*, given by (2.2).

If u, v are proper C*°-functions of the distribution A (cf. [3]), i.e. du = &(u) n, dv = &£(v) n, we consider the metric

W=e(g— @@+ D@ +ien), 4.
which is positive definite on D and negative definite on D-.

Lemma 4.1. Let (M, g, J, D) (dim M = 2n > 6) be a Kiihler manifold with By-distribution D (D = span{&, J£}).
Then the metric h', given by (4.1), is Kiihler—Lorentz if and only if

2v
E(u) = _w.

Proof. From (4.1) we find the Kihler form © of the metric /'

4.2)

0 = e (Q—(e2”+1)n/\ﬁ).
The last equality, (2.1) and (2.2), imply that
40 = e (26w +kE® + 1)) n A 2,
which implies the assertion of the lemma. O
We set
=Wty = ety 4.3)
Then 7’ is the 1-form corresponding to & with respect to 2" and ' (§") = —1.

Lemma 4.2. Let (M, g, J, D) (dim M = 2n > 6) be a Kiihler manifold with By-distribution D (D+ = span{&, J£}).
If

W= (g @ +Daon+ion),
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where
k(e 4 1)
dv=£&)n, du=—Tﬂ
and
E=ete gl =Yy,

then (M, h', J, D) (D' = span{¢’, J&'}) is a Kihler—Lorentz manifold with space-like Bo-distribution D.
Proof. Let V', V be the Levi-Civita connections of the metrics 4/, g, respectively. Then

VyY = VxY +E){n(X)Y + n(NX + 7(X)JY +7(Y)J X} + £ — w{[n(X)n¥Y) — 7(X)7(Y)]§

+ X)) +(X)n()]JE}, X, Y € XM. 4.4)
From (4.4) it follows that
k
Vi =e (Y <s<u> + 5) [X —n(X)& —i(X)JE] +e T (B +v) — p*) H(X)JE, X € XM.
The above equality can be written in the form
k/
Vi§' = =X+ (X0E + 70N = p™i (X)JE, X € XM, (4.5)

where

k' = —2eWHV) (E(u) + ’;) ,

4.6)
p* =e T (Ew +v) — ph),
i.e. D is a space-like By-distribution with functions k' and p*’. O
Because of (4.2)
k 1 ,,
— = ——e%.
§(u) + > 5
Then (4.6) gives the following relation between k” and k:
K =e' 4k, 4.7

Let the tensors 7/, &|, 9}, &' = &1+ &, and ¥’ of type (1,3) with respect to the structure (4’, &', ') be determined
as in (2.3)—(2.5). If g and A’ are related as in Lemma 4.2, then

7420 + W = (r — 20+ V),

1 1
? +§w/=—e2” <q§1 —Egv),
(4.8)

1 1
¢/ _gp/: 2(u+v) Py — — W ,
» + 5 € 2 >
v = ey,
Proposition 4.3. Let (M, g, J, D) (dim M = 2n > 6) be a Kdhler manifold of quasi-constant holomorphic sectional
curvatures with Bo-distribution D (D = span{¢, J&}) and
a+k*<o.
If the structure (h', &', 1) is determined as in Lemma 4.2 by the proper function

2 _ _a + k2
k2
then h' is a flat Kéihler—Lorentz metric.
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Proof. By direct computations from (4.4) in view of (2.3), (2.4) and (2.5) we find
1 1
R —R = 2kEu)(m —2® + ¥) — 4k&(v) (@1 —3 W) — 4(52(u) — p*E(u)) (@2 —3 W)
—(EU+v) - pEw+v) V. (4.9)
Taking into account that R = amw +b® + ¢ ¥ and (4.8), we obtain from (4.9) the curvature tensor R’ of 4’ in the form
/ / / / / 1 / / 1 / !/
R =An"4+2¢" + V') + By @1+§W + B> @2+§W +CV, (4.10)
where

e?A = a — 2kE(u), UC = —(a+b+c)+EX(u+v) — prE(u +v),

5 5 5 4.11)
e By = —(2a +b) + 4kE(v),  “TVBy =2a +b —4E>u) — p*EW)).
Taking into account (4.7), (4.10) and (4.2), we find
(A -k =a+K (4.12)
Then (4.12) and (4.7) imply
e A = ek +a + k°.
Under the conditions of the proposition we obtain A = 0 and &(u) = 5.
Differentiating the equality e’’ = —“;{r—zkz, because of (2.6), we obtain
1
£(k) + 5k2 +k&(v) = 0. (4.13)

On the other hand, &’ = e~ ®*?) £ and (4.7) imply
1 2 _ 2u /o1t 1 2
E(k)+§k +kE(v) =e g(k)—zk .
Thus, from the equality (4.13), we get
()
/ k/ — _ k/ .
§k) =3

Now from (3.6) and (3.7) it follows that %’ = ¢’ = 0.
Replacing into (4.10) the quadruples &, xq, xo, & and xq, &, &, xo, where 7' (xg, xo) = 1, in view of (3.9), we obtain

o —x 1 1
0=— "% __B = _B,.
2i—1) 8 8

Replacing into (4.10) the quadruple &, J&, J&, &, we get
0=x"=C,
ie. R"=0. O

Let now (M,h',J,D) (dimM = 2n > 6) be a Kihler-Lorentz manifold with space-like By-distribution
D (D* = span{&’, J&'}) with functions k" and p*’, determined in Lemma 3.2.
If u, v are proper C*°-functions of the distribution A4, i.e. du = —&'(u)n’, dv = —&’(v)n’, we consider the metric

g=e W+ e+ D00 +7 7). (4.14)

Taking into account (3.4), analogously to Lemma 4.1, we have
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Lemma 4.4. Let (M,h', J, D) (dimM = 2n > 6) be a Kiihler—Lorentz manifold with space-like By-distribution
D (D+ = span{&’, J&'}). Then the metric g, given by (4.14), is Kiihler if and only if

k(e 2 +1)
! _—e,—_—e—_——————————
§(u) = 2 .
Further, we set £ = e*tY&’, n = —e~ @)y’ Analogously to (4.7) we have
k=e"""k. (4.15)

Lemma 4.5. Let (M, ', J, D) (dimM = 2n > 6) be a Kihler-Lorentz manifold with space-like Bo-distribution
D (D = span{g’, J&'). If

g=e 2 (W + @+ D0 @ +i7 @),

where
k/ —2v 1

dv=—£)n, du = (ef—i_) n'
and

‘i: = eu+v 5/, 77 = _e_(u+v) 77/,
then (M, g, J, D) (D = span{&, J&}) is a Kéhler manifold with Bo-distribution D.
Proposition 4.6. Let (T’f_l, h',J, D) (dim ’]I"ll_l = 2n > 6) be the canonical example of a flat Kdhler—Lorentz

manifold. If the structure (g, &, n) is determined as in Lemma 4.5, then g is a Kdhler metric of quasi-constant
holomorphic sectional curvatures and a + k* < 0.

Proof. Taking into account (4.14) we find the relation (4.4) between the Levi-Civita connections V' and V of 4’ and g,
respectively. Then the corresponding relation between the curvature tensors R” and R is given by (4.9). Since R’ = 0,
then (4.9) gives the tensor R in the form

1 1
R=A"(mn —20+ ¥)+ Bf <q51 —ELI'/)—}—B;‘ <Q52—§LP>+C*LT/.
Replacing the quadruples &, xo, xo, &; x0, &, &, x0, where g(xo, xo) = 1, in the last equality, we get

1 1
gBik = R(%‘a-xo’-xo’E) = R(-xo’é’ S,XO) = §Bik

Hence the curvature tensor R has the form R = aw 4+ b® + ¢V, i.e. the metric g is of quasi-constant holomorphic
sectional curvatures.
To prove a + k% < 0, we consider (4.9). Since a = 2k& (u), £ = e“TV¢’, in view of (4.15) and Lemma 4.4, we find

a = _e2uk/2(e—2v + 1) — _k2 _ e2uk/2.
Hencea +k* <0. O

Theorem 4.7. Any Kiihler metric g = 39 f (—r?), —r? being the time-like distance function in T’I‘_l (n > 3),is of
quasi-constant holomorphic sectional curvatures and function a + k* < 0.

Conversely, every Kdihler manifold (M, g, J, D) (dimM = 2n > 6) of quasi-constant holomorphic sectional
curvatures with Bo-distribution satisfying the condition a + k* < 0 is locally equivalent to (T'll_l, g, J, D) with the
canonical By-distribution and g = 99 f (=r?).

Proof. Let the Kihler metric g be given as in (3.16). Putting

r2f//

e—2u — 2f/, e—2v + 1 f/ ,
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we calculate

du rf” 1 K@ 2 +1)

’ —2v

£ (u) P T (e +D 3

Then we can apply Proposition 4.6 and conclude that the structure (g, J, &, ) is of quasi-constant holomorphic
sectional curvatures with Bo-distribution and function a + k% < 0.

For the inverse, let (M, g, J, D) (dimM = 2n > 6) be a Kéhler manifold with By-distribution and function
a + k* < 0. We construct the metric 4’ as in Lemma 4.2 by the proper function e*’ = —“7:2]‘2. Applying
Proposition 4.6 we obtain that the Kihler metric 4’ is flat and the given manifold is locally equivalent to the canonical
flat Kéhler—Lorentz manifold (T ~Ln,J, D).

Further we write the equality (4.1) in the form

g=c M (W+ @+ 00 @ +il ® i) (4.16)
and put
f(=r?) = % / e 2d(—r?). 4.17)

From (4.17) we have e™? = 2f’. Using Lemma 4.5 we find &’ () = —k/(%zw’l) and £’ = dir, kK = —%. Then
e 4] = rsz,N and (4.16) becomes
r2f//
f/
Hence g = 99 f (=r?) with potential function (4.17). O

g=2f/<h’+ (n’®n’+ﬁ/®ﬁ/)).

As an application of Theorem 4.7 we shall find the Kéhler metrics of constant holomorphic sectional curvatures,
defined in the manifold (T’f_l, n’, J, D) by the condition g = 83f(—r2).
Let g be a metric given by (4.16). Then (4.9) gives the relation between the curvature tensor R of g and the tensor
R =0ofh in T'l’_l. Since the coefficients A, By, By, C in (4.10) are all zero, then (4.11) implies
a = 2k&(u);
2a + b = 4k (v) = 4[E7 () — p*EW)]; (4.18)
a+b+c=£8u+v)— pEw+v).

Since D is a By-distribution, then g is a Kihler metric of constant holomorphic sectional curvatures if and only if
b = 0. Because of & = e“tV¢’ = et? 4 and (4.18), the condition b = 0 is equivalent to the relation

dr
du  dv 4.19)
dr — dr’ '
Further, taking into account (4.18) and (2.2), we obtain successively
(k) + k?
k() = €20 = p'§(w) = £2) + = 5—& W),
which in view of (4.19) and the relation k = e ~Vk’ = —ki;v implies that

d2u+2 du\? ldu_o 4.20)
dr? dr rdr '

Solving (4.20), we find

e =012 4+ ap|, ag = const, ug = const. (4.21)
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Since a + k2 < 0, then a < 0 and the equality a = 2k&(u) = —‘r—‘ez" g—f = —r‘z“fzo implies that 2 4+ap > 0.
On the other hand, using the relation (4.2), we find e 2 = — rz‘ffao > 0 and ap < 0. Putting ag = —rg, we have
2
r
eV — 0 (4.22)
r2 — rg

. . _ . P
Finally, the equality a = 2k& (u) gives thate™ "0 = ——..

Now, from (4.21) and (4.22) we obtain
Examples of Kiihler space forms with By-distribution and a + k* < 0:
All Kihler metrics g of constant holomorphic sectional curvatures a < 0, given in T - by (4.16), are

4
a@r? — rg)

8§ = —

2
(h’ + 5 d ~ N +7® ﬁ’)) , 1o =const> 0,7 > ro. (4.23)
0

The potential function of the above metrics up to a constant is
2 2 2_,2
f(=r?)=—=In(@r" —ry), ro=const>0,r > r.
a
Hence
2.5 2_.2
g=—00In(r"—ry), ro>0,r>rg.
a

One of these metrics is most remarkable:

. 4 / I‘2 / / ~/ ~/
g= h + men+7e®7)), r>1 (4.24)
r2—1 r2—1

This metric is defined in the hyperbolic unit “disc” ]D)'l’_1 (1) : W (Z,Z) < —1 and is of constant holomorphic sectional
curvatures a = —1.

5. The geometric meaning of the function a + k? in Kiihler manifolds of quasi-constant holomorphic sectional
curvatures

Let (M, g,J, D) (dimM = 2n > 6) be a Kéhler manifold of quasi-constant holomorphic sectional curvatures
with By-distribution D(p) (DJ-(p) = span{§, J§}), p € M.
In this section we study the geometric structure of the integral submanifolds of the distribution

Ap)={XeT,M|n(X)=0}, peM.
Because of (2.1), we have
1
dn =0; dn =k9+zn/\ﬁ. (CR))

Let 0?"~! be an arbitrary integral submanifold of the distribution A and & be the unit vector field, normal to
Q%! Applying the Weingarten and Gauss equations to the submanifolds Q"~!, we have

\% —]i l( k) k—2> n(x)J XA; (5.2
x§—2x+k &( +2 nx)Jg, xeXA; 2)
Viy =Dyy+h(x, )€, x,yeXA, (5.3)

where D is the induced Levi-Civita connection and £ is the second fundamental tensor on Q2*~!.
According to (2.2), k = const on 0%~ From (5.2) it follows that

k 1

K2\ .
h=—§g—£<é(k)+?>n®n,
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The standard almost contact Riemannian structures (g, ¢, § , 17) induced on the manifold Q2”’1 are [8,9]:

E:=J&  f=gx¥f),

- (5.4)
ox = Jx +n(x)E, xe€XA.
Taking into account (5.2), in view of (2.7), we find
-k
D& = 3 px, x € XA, 5.5)
k /. .
@ep)(») = 5 (i =g, ). x.y e XA, (5.6)

According to (5.5) and (5.6), any integral submanifold 0%~ of the distribution A is an «-Sasakian manifold with
k
o = 5-
More precisely we have

Proposition 5.1. Let (M, g, J, D) (dim M = 2n > 6) be a Kdihler manifold of quasi-constant holomorphic sectional
curvatures with By-distribution D (D+ = span{&, J&}).

L
Then any integral submanifold Q*"~' of the distribution A is a %—Sasakian space form of type {ll, if and only if
i
a—+ k2 >0,
a+k* =0, respectively.
a+k* <0,
Proof. From (5.3), (5.2), (5.4) and (5.6) we find the relation between the curvature tensors R and K of M?" and
021 respectively:

1
R(x,y,z,u) = K(x,y,z,u) — Zkz[g(y,z)g(x,u) —g(x,2)g(y, u)l

1 1
(E(k) + §k2> [g(y, n(x)n(u) + g(x, u)7(y)7(2)

2
=g, Dnnm) — gy, wn(x)n@)1, x,y,z,u € XA. (5.7
Since (M, g, J, D) is of quasi-constant holomorphic sectional curvatures, then
R=ar+bd+cV. (5.8)

Taking into account (5.8), the equality (5.7) becomes
2

i

+ Z[g(w, 2)g(px,u) — glpx, 2)g(py, u) — 2g(px, y)g(¢z, u)

— gy, Dnx)N) — gx, w)n(y)n(z)
+g(x, DN + g(y, W), x,y,z,u € XA. (5.9)

Comparing (5.9) with the equality from Proposition 2.1 we obtain

K(x,y, z,u) = - [y, D)g(x,u) — glx,2)g(y, u)l

c+3a%=a+k% c—a’=a. (5.10)
Hence any integral submanifold Q*"~! of A is an -Sasakian space form with
k N k?
a= -, c=a+ —.
2 4

Now the relation (5.10) gives the assertion. O

The above statement allows us to obtain examples of @-Sasakian (Sasakian) manifolds of constant ¢-holomorphic
sectional curvatures ¢ satisfying the condition ¢ + 3a> < 0 (¢ + 3 < 0) as hypersurfaces of the Kihler space form
(1", g, J, D), with g given by (4.24).



632 G. Ganchev, V. Mihova / Journal of Geometry and Physics 57 (2007) 617-640

Let (']I"f_l, h', J, D) be the canonical example of a flat Kiihler—Lorentz manifold with By-distribution D and g be
the Kihler metric of constant holomorphic sectional curvatures —1, given by (4.24). We denote by H 12 =D (0, r) any
hypersphere in T ~!, centered at the origin O and with radius r > 1, given by

H" V(0. )= {Z T} | W(@Z.2) = 7).

Then an easy verification shows that le("_l)(O, r) with the induced from (']I"l’_l, g, J, D) structure (g, ¢, § n) is an
a-Sasakian manifold with constant g-holomorphic sectional curvatures ¢ such that

1

PP N |
o =—, c+3a°=—
2r r2

Further we give a direct construction of examples of Sasakian structures with prescribed ¢-holomorphic sectional
curvatures ¢ of type ¢ + 3 < 0 using as a base the hypersphere le("_l)(O, r=1) = le("_l)(l).

Let (W, ¢, €, 7}) be the induced from (T’f‘l, h', J, D) onto Hf("_l)(l)(— 1)-Sasakian structure with 2’ (€, §) = —1.
We introduce the following family of Riemannian metrics

g=q*W + 1 +¢»H7®M), g¢=const>0 (5.11)

on H 12 =1 (1). Any of these metrics generates the corresponding unit vector field & and 1-form 7 determined by
1. B 5.
§=—&  n=-q70
q

In a straightforward way we obtain that (H12 ("_1)(1),g,<p,§, n) is a Sasakian manifold. Further, by direct

computations we find that the Sasakian structure (g, ¢, &, 7) is of constant @-holomorphic sectional curvatures ¢
satisfying the relation

4
c+3=——.

72
Thus we obtained

Examples of Sasakian space forms with prescribed @-holomorphic sectional curvatures c satisfying the condition
c+3<0:

_ - - c+3- _ 4 c—1_ _
(le(" (1), g0, 8 7): E=— ) &, 1= n, &=-— (h’+c—n®n>.

6. Kiihler structures on rotational hypersurfaces

In this section we consider three types of rotational hypersurfaces in spaces with definite or indefinite flat metrics,

which will be endowed with Kéhler structures of quasi-constant holomorphic sectional curvatures.
6.1, I,
In Sections {6.2, we show that any rotational hypersurface of type {II, carries a Kéhler structure of quasi-constant
6.3 )i

holomorphic sectional curvatures with functions
a+k*> 0, a=>0,

a+k*>0, a<0, respectively.
a+kr< 0, a<O,

We describe the meridians of those rotational hypersurfaces, whose Kéhler metrics are Bochner—Kihler (especially
of constant holomorphic sectional curvatures).
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6.1. Kdhler structures on rotational hypersurfaces of type [

In [3] we studied the standard 2n-dimensional rotational hypersurfaces M in R**! = C” x R having no
common points with the axis of revolution / = R. Any such hypersurface M is a one-parameter family of spheres
§2"=1(s), s € I C R, considered as hyperspheres in C" with corresponding centers on [ and radii 7(s) > 0, s being
the natural parameter for the meridian. A rotational hypersurface M satisfying the conditions

t(s) > 0, t'(s)>0;, sel

is said to be a rotational hypersurface of type 1.
In [3] we have shown that any rotational hypersurface M of type I carries a natural Kéhler structure (g, J, &), which
has the following remarkable property.

Theorem 6.1 ([3]). Let M (dimM = 2n > 4) be a rotational hypersurface of type 1. Then the Kdihler structure
(g, J, &) on M is of quasi-constant holomorphic sectional curvatures with functions

a=0, (a+k*>0).
The curvature tensor R of the metric g has the form
R=an+bP+cV,

where

a

41 =1 -1 41—+t 57 -
=, b=8(——ﬁ), c=—7— _— (6.1)

12 12 12 21t/ 2473
In this subsection we describe the rotational hypersurfaces of type I, whose Kihler structure is Bochner flat.

We recall that the Bochner curvature tensor B(R) of a Kéhler manifold (M, g, J) (dimM = 2n > 4) with
curvature tensor R, Ricci tensor p and scalar curvature t is given by

1
(B(R)gpy5 = Rypys — m(gagpyg +8,5Pus T 8,5Puf T 8uiPyp)

T
21+ D(n+2) cePoy T Oy Aoad 6.2
T 20 T Dn 4 2) SeBSrd T 8yp8ad) 62)

in local holomorphic coordinates.
The manifold (M, g, J) is said to be Bochner flat (or the metric g is Bochner—Kéhler) if B(R) = 0.

Lemma 6.2. A Kdhler manifold whose curvature tensor is of the form

R=an+bd+cV, (6.3)
is Bochner flat if and only if ¢ = 0.
Proof. Applying the Bochner operator (6.2) to the tensor (6.3) we find

2 4

T — o+ U,

n+Dn+2) n+2

which gives the assertion. [

B(R):c(

Any rotational hypersurface M of type I is geometrically determined by the equation ¢+ = #(s) (or equivalently

s = s(1)).

Proposition 6.3. Let M be a rotational hypersurface of type 1. Then the Kdihler structure (g, J) is Bochner—Kdhler if
and only if

o / dt
s(t) = _
cit* + ot +1

where ¢c1 = const, ¢y = const.
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Proof. Taking into account (6.1) we have

t [t 11—\
=——(— +4 .
¢ 2t <tt’ + 12 )

According to Lemma 6.2 we have to solve the equation ¢ = 0, i.e.

" 1—-7
' + 12
The general solution of (6.4) is

o / dr
) = _—
Clt4 + C2t2 +1

for some constant ¢;. [

= const = —2¢j. (6.4)

We note that the case c¢; = 0 gives the Kéhler metrics of constant holomorphic sectional curvatures a = const > 0
described in [3].

6.2. Kdhler structures on rotational hypersurfaces of type Il

Let (C", g/, Jo) = (R?", g’, Jo) be the complex space with the standard complex structure Jo and flat definite
metric g’. Further, let Oe be a coordinate system on R with the inner product determined by > = —1 and / = R be
the axis of revolution in the space C" x R. We denote the product metric in R%" = C" x R by the same letter g’. Then
g'(e,e) = —1 and g’ is of signature (2n, 1).

We consider the class of rotational hypersurfaces having no common points with the axis of revolution /. Then any
such hypersurface M is a one-parameter family of spheres S*"~!(s), s € I considered as hyperspheres in C* with
corresponding centers g(s)e on /[ and radii #(s) > 0. If Z is the radius vector of any point p € M with respect to the
origin O, then the unit normal n of the parallel $?*~!(s) at the point p is

no L-ake
t(s)
Hence
Z=t(s)n+q(s)e (6.5)

and the meridian y of M is
y 1 z(s) =t(s)n+ g(s)e (6.6)
in the plane One (n-fixed). B
Because of (6.6) and (6.5) the tangent vector field £ to y is

é:—:[/n—i—qe:—. (67)

We consider rotational hypersurfaces whose meridian y has a space-like tangent at any point and assume that s is
a natural parameter for y, i.e.

g/ % % =t/2—q/2=1
ds’ ds '

Since the normal to M lies in the _plane One, we choose the time-like unit vector field N normal to M by the
condition that the couples (n, e) and (£, N) have the same orientation. Then taking into account (6.7), we have

N =g'n+"te.

Definition 6.4. A rotational hypersurface M in R%” = C" xR, which has no common points with the axis of revolution
1, is said to be of type I if its normals are time-like.
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Let V' be the flat Levi-Civita connection of the metric g’ in Rf” = C" x R. We denote the induced definite metric

on M by g. Let 7 be the 1-form corresponding to the space-like unit vector field & with respect to the metric g,
ie. n(X) =g, X), X € XM.If V is the Levi-Civita connection on (M, g), we have:

. . 12 —1_ 1=+

VY =VxY + | ——g(X,Y) + ————nXOn(Y) | N, X,Y € XM;
! i -1 6.8)

- N _

& =0; Vx§=7x, gx, &) =0, xeXM.

Then the curvature tensor R of the rotational hypersurface (M, g) of type II has the form:

_ 7 11— 1"
R=-— T — * P. (6.9)

12 12

This equality implies that the rotational hypersurface (M, g) of type II is conformally flat. More precisely, (M, g, &)

2
is a subprojective Riemannian manifold with horizontal sectional curvatures — ’/Z;l < 0 (cf. [2]).

As in [3], we consider the almost contact Riemannian structure (¢, é, r:], g) on the parallels §21=1(s), s € I of the
rotational hypersurface M and obtain that any parallel is %-Sasakian.

This allows us to introduce the almost complex structure J on (M, g) subordinated to the orientation £ of the
meridians by

Jip = Jo, JE =E, JE = —&. (6.10)
Similarly to the definite case [3] we have

Proposition 6.5. Let (M, g) be a rotational hypersurface of type 1l in R%n = C" x R whose meridians are oriented
with the space-like unit vector field &. If J is the almost complex structure (6.10) associated with &, then the covariant
derivative of J satisfies the identity

/

(VxJJ)Y = !

(20X E =X = AN)IX +3UX. VE) (6.11)
for all vector fields X, Y € XM.

The identity (6.11) shows that (M, g, J) is a locally conformal Kéhler manifold in all dimensions 2n > 4 with Lee
form 1%’/ 7.

Our aim in this subsection is to define a nontrivial Kéhler metric on (M, g, J), which is naturally determined by
its geometric structures.

If (M, g, J) is a rotational hypersurface of type II, then t'* > 1. Therefore we can always choose the orientation &
of the meridians so that ¢/ > 1.

In what follows we assume that
t(s) > 0, f(s)>1;, sel. (6.12)

Under the conditions (6.12) we construct the structure (g, £):
— 7 — — = = 1 = \/_/ —
g=8+@ —Dn®n+nQ7n), §=—§, n=~tn. (6.13)
NG
Taking into account (6.11) we obtain that the Kéhler form of the metric (6.13) is closed, i.e. g is a Kdhler metric.
More precisely, we have
Theorem 6.6. Let (M, 3, J, €) 2n > 4) be a rotational hypersurface of type 11 and assume that (6.12) holds good.

Then the Kdhler metric g, given by (6.13), is of quasi-constant holomorphic sectional curvatures with functions

a<0, a+k*>0.
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Proof. Calculating the relation between the connections of the metrics in (6.13) in view of (6.9) we find the curvature
tensor R of the Kéhler metric g:

R=anr+bP+cV,

where

41—+t ' —1 " 41 -+t 5t 1" —
:g, b=8< ) C:(—) S (6.14)

12 2 ur 12 211 213
Applying Proposition 2.3 [3] we obtain that (M, g, J, £) is of quasi-constant holomorphic sectional curvatures.
Since ¢’ > 1, then we have a < 0.
From (6.8) and the relation between the connections of g and g it follows that

N ¢
=—Xx——F0
t 201

for all x € XM, g(&,x) = 0. According to (2.1) the function k of the structure (g, J, &) is k = 2‘/7’7. Taking into
account (6.14) we find

(Jx)J§

, 4
a+ki=—=5>0 0O
t
As a consequence of Theorem 6.6 we can find the rotational hypersurfaces (M, g, J) of type II whose Kéhler
metric (6.13) is of constant holomorphic sectional curvatures.
Let b = 0in (6.14). Then Corollary 3.6 [3] implies that ¢ = 0 and the metric g is of constant holomorphic sectional
curvatures a = const < 0.
Solving the equation

' —1 "
b=28 — =0,
12 21t/

we obtain the meridian in the form g = ¢(¢).
Namely, we have

Proposition 6.7. Any rotational hypersurface (M, g, J) of type II, whose Kdhler metric (6.13) is of constant
holomorphic sectional curvatures a = const < 0, is generated by a meridian of the type

V8 —at? -2
yig=% vV8—at?+In—————1]+¢qo, t>0
V= ( /8 —at?

in the hyperbolic plane One.

Similarly to Proposition 6.3 we obtain the following statement.

Proposition 6.8. Let (M, g, J) be a rotational hypersurface of type 11 generated by the meridian
y:z(s) =t(s)n+gq(s)e, sel

in the hyperbolic plane One. Then the metric g given by (6.13) is Bochner—Kdhler if and only if

o / dr
st) = | ——m———,
citt + ert2 +1

where ¢ci = const, ¢cp = const.

We note that the case ¢; = 0 is described in Proposition 6.7.
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6.3. Kdhler structures on rotational hypersurfaces of type Il

Let (C", K/, Jy) = (Ri(%]), h', Jo) be the Kéhler-Lorentz space with the standard complex structure Jy and flat
indefinite metric i’ of signature (2(n — 1), 2). Further, let Oe be a coordinate system on R with the inner product
determined by e> = +1 and [ = R be the axis of revolution in the space Ré("_l) x R = C" x R. We denote the
product metric in R%"_l = C" x R by the same letter 4’. Then h’(e, €) = +1 and &’ is of signature 2(n — 1), 2).

We consider rotational hypersurfaces M with parallels H 12 =1 Which are hyperspheres with respect to the metric

K’ in the time-like domain T’f_l C C". Then M is a one-parameter family of spheres le ("_1)(s), s € I with
corresponding centers ¢ (s)e on / and radii #(s) > 0. If Z is the radius vector of any point p € M with respect to the
origin O, then the unit normal n of the parallel le ("_1)(s) at the point p is

Z — g
n— q(s)e

o) h(n,n) = —1.

Hence

Z=1t(s)n+qg(s)e (6.15)
and the meridian y of M is

y 1 Z(s) = t(s)n+ g(s)e (6.16)

in the plane One (n- fixed).
Because of (6.16) and (6.15) the tangent vector field £ to y is

T/
ds as

We consider rotational hypersurfaces whose meridian y has a time-like tangent at any point and assume that s is a
natural parameter for y, i.e.

dz dz 2 2
W|l—, —|=—t"4+4"=-1.
(ds ds> 1
Since the normal to M lies in the plane One, we choose the space-like unit vector field N normal to M by the
condition that the couples (n, e) and (§, N) have the same orientation. Then taking into account (6.17), we have
N =g'n+te.

Definition 6.9. A rotational hypersurface M in R%"_l = C" x R, which has no common points with the axis of
revolution / = R, is said to be of type I1I if its normals are space-like.

Let V' be the flat Levi-Civita connection of the metric A’ in R%”_l = C" xR. We denote by / the induced indefinite

metric on M of signature (2(n — 1), 2). Let 7 be the 1-form corresponding to the unit time-like vector field £ with
respect to the metric &, i.e. n(X) = h(€, X), X € XM. If V is the Levi-Civita connection on (M, h), we have:

. _ -1 e

Vy¥ = VxV — | ———h(X. V) + ————0(X)7(Y) | N, X.Y € XM;
! Wt —1 (6.18)

_ _ o t _ _

§§=0§ Vxéz?x, hix,&) =0, xeXM.

Then the curvature tensor R of the rotational hypersurface (M, i) of type III has the form:

_ 7 N
R= T+ ot ¢ (6.19)

12 12 ’
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where 7 and @ are the tensors
(X, Y)Z =h(Y,Z)X —h(X, 2)Y,
(X, Y)Z = h(Y, Z2)n(X)E — (X, DnNE+iM(Z2)X —i(X)i(2)Y, X,Y,Z e XM.

The equality (6.19) implies that the rotational hypersurface (M, k) of type III is conformally flat.

Now we consider the almost contact Riemannian structure (¢, § , 1:7, ﬁ) on the parallel H12 =D (s), s € I of the
rotational hypersurface (M, h) which arises in a similar way as in the definite case (cf. [8,9]):

Eo=Jon,  i(x) = h(E. x);

~ (6.20)
gx = Jox —ii(on, x € THX"V(s).

It is clear that E(E, 5) = —1. The relations (6.20) imply that
=0,  ¢’x=—x— Q0
hipx, @y) = h(x,y) + 1)), x.y € XH " V().

Let us denote by D the induced Levi-Civita connection of the metric h on le (”_1)(s) as a submanifold of
’H"l'_l (s) € C". Then the Weingarten and Gauss formulas of the imbedding H 12 ("7])(s) c C" are:

1

vin=—x;
t (6.21)
ro 1 - 2n—1)
ny—ny—i—;h(x,y)n, x,y € XH, (s).
From (6.20) and (6.21) we obtain consequently
= 1 =
Vié = 7 (px +n(x)n);
- (6.22)
D& = Tox, X € .’{le("_l)(s).

Let T, M be the tangent space to M at any point p € M. Then the vector fields £ and § defined by (6.20) determine

a distribution D such that D+ = span{&, £}. The distribution D is space-like, while the distribution D is time-like.
We define an almost complex structure J on (M, k) subordinated to the orientation & of the meridians y as follows:

Jp=1Jo, JE=&  JE=-E. (6.23)

Similarly to Proposition 6.5 we have

Proposition 6.10. Ler (M, h) be a rotational hypersurface of type 111 in R%"_l = C" x R whose meridians y are
oriented with the time-like unit vector field . If J is the almost complex structure (6.23) associated with &, then the
covariant derivative of J satisfies the identity

/

! (ﬁ(x, Y)E — 5 (V)X —ii(Y)IX +h(JX, Y)é) (6.24)

(VxJ)Y =

for all vector fields X, Y € XM.
Proof. We calculate the components of (VxJ)Y, X,Y € XM:

/

t’@uyi+ﬁwmwé—awm,
1—¢

(§x-])y =

(Vi J)E = px, x,yeXM,  hE x)=hE y =0;
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(Vel)xo =0, xo€XM,  h(xo,§) = h(xo.) =0;
(VeDE=0,  (Vz))§ =0.
These equalities imply the assertion. [

The identity (6.24) shows that (M, h,J)isa locally conformal K#hler manifold in all dimensions 2n > 4 with Lee
form 1%’/ 1. This implies that (M, h, J) carries a conformal Kihler metric of signature (2(n — 1), 2) which is flat.

Our aim in this subsection is to define a nontrivial definite Kidhler metric g on (M, f_z, J), which is naturally
determined by its geometric structures.

If (M, h, J) is a rotational hypersurface of type III, then ¢’ 2 > 1. Therefore we can always choose the orientation
£ of the meridians so that 1/ < —1.

In what follows we assume that

t(s) > 0, ris) <—1; sel. (6.25)
Under the conditions (6.25) we construct the structure (g, £):

1 -
=——t'n. 2
b =V (6.26)

Taking into account the defining condition (6.26) and (6.25), we obtain that g is a definite metric and £ is a unit
vector field. Because of (6.26) and (6.24) it follows that g is a Kidhler metric on M.
More precisely, we have

g=h+(0-1YGRH+1®1), &=

Theorem 6.11. Let (M, h, J, €) (2n > 4) be a rotational hypersurface of type 11l and assume that (6.25) holds good.
Then the Kdhler metric g, given by (6.26), is of quasi-constant holomorphic sectional curvatures with functions

a<0, a+k*<o0.

Proof. Let V be the Levi-Civita connection of the metric (6.26). We calculate the relation between V and V:

"

VxY = VY — t—{[n(X)n(Y) —n(IX)n(IY)]E = [n(X)n(JY) +n(J X)n(Y)]J&}

20/ =1
1—¢
— X)JY YJX — [n(X Y X)n(Y
tﬁ{n(f WY +n(JY)J (M(Xn(JY) +n(JX)n(¥)]J&

—1'[g(X,Y) =n(IX)n(JY) = n(X)n(Y)]§ — 2n(J X)n(JY)E}
forall X,Y € XM.
Taking into account (6.18) we find
X —nX)§) — ———
. T;/( n(X)§) YN

Then we find the curvature tensor R of the Kédhler metric g:

Vy& = n(JX)JE, X e XM. 6.27)

R=an+bP+cV,
where
4" = 1) A 4" = 1) " Y
= —, b=-8 - , =— —2—— — . 6.28
¢ 12 12 2tt’ ¢ 1? it 23 \ 1" (6.25)
Applying Proposition 2.3 [3] we obtain that (M, g, J, &) is of quasi-constant holomorphic sectional curvatures.

Since t’ < —1, then we have a < 0. )
From (6.27) it follows that the function k of the structure (g, J, &) is k = zj_t—T Taking into account (6.28), we

find

4
a+k2=—t—2<0. O
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As a consequence of Theorem 6.11 we can find the rotational hypersurfaces M of type III, whose Kéhler metric
(6.26) is of constant holomorphic sectional curvatures.

Let b = 0in (6.28). Then Corollary 3.6 [3] implies that ¢ = 0 and the metric g is of constant holomorphic sectional
curvatures a = const < 0.

Solving the equation

-1 ¢
b=-8 - =0,
( 12 2tz’)

we obtain the meridian in the form g = ¢(¢).
Namely, we have

Proposition 6.12. Any rotational hypersurface (M, h, J) of type 1II, whose Kéiihler metric (6.28) is of constant
holomorphic sectional curvatures a = const < 0, is generated by a meridian of the type

yiq= i (m— 2y/—a arctan%\/—(8+at2)) , > \2/\/_5
—a —a

in the hyperbolic plane One.

Similarly to Propositions 6.3 and 6.8 we obtain the following statement.

Proposition 6.13. Let (M, h, J) be a rotational hypersurface of type 11l generated by the meridian
y z(s) =t(s)n+qg(s)e, sel
in the hyperbolic plane One. Then the metric g given by (6.28) is Bochner—Kdhler if and only if

o f dr

st)= | —/———————,
C1 4+ C2t2 +1

where c1 = const, ¢cp = const.

We note that the case ¢; = 0 is described in Proposition 6.12.
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